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Abstract 
Time Domain Topological Energy (TDTE) is a new imaging method that comes from the field of shape optimisation under 
constraints. The adjoint problem in time domain shows a link with the refocusing properties of time reversal, giving thus an 
efficient solution of the inverse problem of acoustical imaging. It has been first employed for Non Destructive Testing (NDT) 
where the performances have proved to be higher than classical tools.  
This method has given good results for the detection of high acoustic impedance defects and has been successfully adapted to the
imaging of low impedance variations such as biological tissues. 
PACS: 42.30.Va; 43.60.Tj; 43.80.Ev; 43.35.Yb. 
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1. Introduction 
Ultrasonic imaging is based on ultrasound propagation in time domain. The goal is to determine physical 
parameters like the elasticity, wave velocity and mass density, with the response of an inspected medium to an 
ultrasound pulse. Such inverse problem is difficult to solve because the response is only known on a limited 
observation surface. TDTE has been defined by Dominguez et al. [1] and independently but in a similar form a few 
months later by Bonnet [2]. An important difference is that we are using the concept of Topological Energy instead 
of Topological Gradient (or derivative) that is less stable of, allowing us to often avoid an iterative process.  Starting 
from topological optimisation, the constraints of the wave equation in frequency domain lead in time domain to a 
formulation where time reversal clearly appears [1]. 
TDTE needs to numerically solve the propagation equation [3] on the same virtual domain for two different 
excitations. It can be achieved both directly in time domain or in frequency domain then Fourier transformed. The 
Topological Energy comes from topological gradient which uses mathematical tools derived from shape 
optimisation [4]. Dominguez et al. [1] have shown that the topological gradient needs to solve two problems: the 
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forward problem, namely the propagation of an acoustic wave in a virtual medium “known” of reference and the
adjoint problem, linked to the ultrasound measurement of the response of the “unknown” inspected medium.
Combining the concepts of shape optimisation, powerful tool to design the optimal shape of a system under
constraints and of the refocusing and physical properties of time reversal, the method presents a new approach to
solve this inverse problem. Employed first for Non Destructive Testing of composite materials where defects are of
high impedance contrast [3], TDTE has given very good results. It is the main aim of this paper. In section 1, we
present the principle of the shape optimisation used in the method by TDTE. In section 2, the adjoint problem is
presented that is used in section 3 to compute the topological energy. Finally, in section 4, results obtained on real or 
simulated biological tissues are given as well as some possible improvements for the method.
2. Principle of TDTE method 
2.1. Shape optimisation
The TDTE imaging comes from topological optimisation, and can be described as in Fig. 1. The spatial
distribution of (any) physical properties on a numerical domain  :  is optimized to tend toward the unknown
domain m . It can be achieved, for example, by including geometrical or physical “holes” in the domain. Then the
“distance” between this “known” numerical domain
 :
:  and the inspected domain m:  is minimised. The process
is iterated to obtain an image.
It is the set of constraints [1,2] and the determination through the cost function that leads to a finite and small
number of iterations.
Fig.1  Principle of topological optimisation with the comparison of the acoustic fields obtained
on an array of transducers between the reference medium and the inspected medium.
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The first step of the TDTE method consists of establishing the cost function (1) which quantifies the distance
between the expected and real shapes:
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where  and  are in the case of acoustical propagation, respectively the acoustic fields
on an array of transducers noted of known
 t, 
m
rU m*
G  trU mm ,*
G
* :  and unknown m:  media when excited by the same ultrasound
pulse.
Then, a variation  is produced by the introduction of an infinitesimal “hole” in the reference domain:d :  in
order to be near to the inspected medium m . In other words, the “hole” corresponds to a localised abrupt contrast 
of physical properties of the virtual medium
:
: . We study the sensibility to the variation d  of the domain: :
with an asymptotic development (2) of the cost function (1):
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If the heterogeneity yields to a closer description of the inspected medium, the cost function decreases, verifying
the condition (3):
         > @ 0!:: ::: dfrgdfjdj RG  (3),
with .:d   0!:df
gThe first order term, only function of the space variable, is the topological gradient  rG  and has to verify the
following condition:
  0rg G  (4).
The topological gradient representation allows to locate the heterogeneities in the inspected medium after several
successive iterations. 
2.2. Adjoint problem
Dominguez et al. [3] have shown the topological gradient brings two problems of propagation in the virtual
medium: the one named “forward” and the other named “adjoint” links to the ultrasound measurement. The
topological gradient is proportional to:
(5)     dttrVtrUrg
T
,, ::v ³
GGG
0
a correlation between the forward acoustic field, the reference, named U and the adjoint acoustic field named V
in the complete domain .:
 tm,
The adjoint propagation has been built by the comparison of the measurement
rUm *
G
 with rU m,* t
G
. Dominguez [1,5] has also shown in (6) the link between the adjoint problem
and the time reversal:
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where rU m*
G
 is the solution of the forward problem in the medium :  and  trU mm ,*
G
 is the
solution of the forward problem in the medium m: . T  is the recording time of the acoustic fields on an array of
transducers noted . The adjoint acoustic field is obtained fromm* T to 0.
The ad second numerical problem of ultrasound propagation. Furthermore, the measurement
field joi t problem is thet,nrU mm *
G
 and the numerical field  trU m,*
G
 have to be known only on the m*  domain from the
array of transducers. The signal   t,TrUU mm *
G
 is time reversed and propagated through , giving the
complete field
:
rV : t,G  solution of the adjoint problem. We show in this way, the link between the topological
optimisation and the time reversal giving a physical meaning to the mathematical solution of shape optimisation.
2.3. Topological energy
Fig.2 Forward propagation field (left columns) and adjoint propagation field (right columns) in the referenc hear medium to
NDT application. The intersection of the two fields happens at the defect location and at the focusing time .
e st intt 
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The topological gradient or derivative [1,4,6] has a drawback. When forward and adjoint fields cross (see Fig. 2)
in time domain, they indicate the localisation of the defects but this intersection brings oscillations causing
instabilities and loss of definition. This drawback involves an iteration of the process to limit these instabilities and
to improve the convergence. A modified version (7) of (5) allows to get rid of these problems and to get quickly an 
image, without iteration of distributions of different physical properties between :  and media:m:
      dttrVtrUrET
T
³ :: 
0
22
,,
GGG  (7).
Consequently, squares of forward and adjoint acoustic fields integrated give the image of Topological Energy.
2.4. Results
The basic idea of the optimisation topological consists of the introduction in a virtual medium of infinitesimal
holes and then of computing the response of this modified medium. With this method, it is natural to image defects
in NDT. However imaging continuously variable properties, like in biological tissues, appears more difficult.
2.4.1. Time Gain Control
TDTE method imposes that the source of the adjoint problem   t,TrUU mm *
G
 contains only the
information about the defects. However, the measurement  trU m,*
G
 is obtained by simulation of the
propagation of acoustic waves. Then the numerical condition of measurement cannot be exactly the same as in
experiments. In particular, an infinitesimal error in the ultrasound pulse source between the forward and the 
inspected media can introduce significant differences in the source term of the adjoint problem. That means the
input echoes would not be cancelled by difference and have led to an energetic input echo in the adjoint problem.
This difference leads to artefacts in the image by TDTE, creating saturation in superficial layers compared to deep
layers, as illustrated in Fig.3.
Fig.3  Example of TDTE image from a breast patient with input echo artefacts.
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problem, the NDT h iec ft,To solve this as the advantage to dispose to p es of re erence that can be used to obtain ameasurement rU m*
G
 in experimental conditions close to  trU mm ,*
G
. In echography, there is an usual
technique consisting to put at zero the part of the signal corresponding to the time zone of the input echo. This
technique named Time Gain Control, used to avoid dazzling the transducers, allows to decrease the amplification
level of echoes coming from superficial layers, to reveal true defects of acoustic impedance, signing the structure of
the imaged medium, as shown in Fig.4. 
The result of TDTE imaging in Fig.4 is obtained by a gelatin cube in water environment mimicking the low 
variation acoustical impedance present in human tissues.
Fig.4 Example of the evolution of the image in topological energy 
obtained from a water environment containing a gelatin cube including 
small steel ball without TGC application in left column and with TGC
application in right column.
Fig.5 Example of evolution of the image in topological energy
obtained from a breast phantom containing two inclusions with
TGC application and with zeros iteration in the left column and a 
single iteration in the right column
2.4.2. Iteration of topological energy
The topological optimisation is based on the principle of the distance minimization between :  and 
m media. The more the reference medium is near to physical properties of the inspected medium, the more the
distance is decreased. In this perspective, an iteration process of the TDTE method is possible.
:
The TDTE imaging comes from the ultrasound propagation in the :  domain, where physical properties are
taken constant and near of the  medium.m
The virtual domain  can undergo several successive iterations before tending toward the inspected medium.
:
:
The result of TDTE imaging in Fig.5 is obtained with a synthetic medium of breast phantom mimicking different
size and acoustical impedance cysts present in human tissues. With an ultrasound acquisition, two small inclusions
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below 1 cm are imaged. The result with a single iteration shows the presence of structures more significantly, as 
illustrated in Fig.5. 
Moreover, considering that the main drawback of this method remains time consuming and at the sight of 
obtained results, the topological energy obtained with zero or a single iteration is sufficient to localize and to 
identify the presence of structures. 
3. Conclusion 
The TDTE method previously developed by Dominguez [1] has shown efficient results on composite materials. 
These materials present different values of pressure and shear acoustic waves but in the same size order (2500 m.s-1
and 1500 m.s-1). Moreover, the impedance contrast defects are more important. In the biological media, there are 
low impedance variations and continuously variable properties. That is why the method would become unstable. 
The method strength is the resolution and the contrast image quality. We have shown that a treatment by TGC 
allows to delete the input echoe artefacts and a single iteration of topological energy allows to increase the image 
quality. 
The TDTE method involves time consuming during computation to solve the refocusing by time reversal.  
The work is pursued continue in particular in real biological tissues. Moreover, its implementation through a single 
element transducer in a wave guide might offer a new potential. 
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